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Chapter 1

Intr oduction

In this reportwe discussa parallelprogrammingmethodfor solvingthe maximumclique problem.Begin-
ning with a serialalgorithmandprogramfor nding a maximumcliquein a graphwe developeda parallel
algorithmandprogramto solve the sameproblem. The serialandparallelalgorithms the parallelprogram,
andthe programminganguageusedfor theimplementatiorareall discussedDuring the implementation
processawork distribution problemwasencounteredandthe solutionwe used the Stealstackis discussed
in detail.

1.1 Cliques

Let G = (V; E) beanundirectedgraphwith no repeate@dgesandnoloops.A cliquein G is asubgraphin
which all verticesarepairwiseadjacent.Thusa cliqueis acompletesubgraphA cliqueis maximalif there
is no vertex thatcanextendthe clique. In otherwords,thereareno verticesadjacento every vertex of the
cliquethatarenotalreadyin theclique. A cliqueof thelargestpossiblesizein thegraphis calledmaximum
A graphmay have morethanonemaximumclique.LetS V beasubsebf thevertices.If thesubgraph
of G inducedby theverticesin S is aclique,we saythatS formsaclique.

1.1.1 Example: Cliques, Maximal and Maximum Cliques

In the graphdisplayedin Figurel.1theverticesin f 1,29 form a clique Becausevertex 3 canextendthis
clique, f 1,29 is not maximal. The verticesin f 1,2,3) form a maximalclique. Verticesf1,2,4,5% form a
maximunclique,the only onein this graph.A list of all 22 cliquesin this graphfollows:

fg f3g fl,29 f2,3g f1;2,3g f2;4,59
fog f4g 1,39 f2,4g9 1,249 f1;2;4;5g
flg fbg fl;4g9 f2,59 f1;2;59
f2g f0;1g f1;59 f4;59 f1;4;5q



4 CHAPTER1. INTRODUCTION

5 4
Figurel.1: A samplegraph

1.2 Maximum Clique Applications

The problemof nding a maximumcliquein a graphis of interestbecausanary combinatorialproblems
canbetranslatednto themaximumclique problem.As asimpleexampleconsidera maximumindependent
setin agraphG. An independenstetis a setof verticessuchthat no two are adjacent. The size of an
independensetis the numberof verticesin the set,anda maximumindependensetis one of the largest
sizein the graph. Findinga maximumcliquein a graphG, therefore,is equivalentto nding a maximum
independensetin thethe complemenbf G.

As anotherexampleconsidert  (v;k; ) designswith = 1. Sucha designis a setof bloks each
consistingof k elementof av elementset,V, suchthateveryt elementsubsebf V appearsn exactly

, orin this caseone,of the blocks. The numberof blocksin thedesignthen,is

(o3
1
r—rx‘r-r<

Let A beanarraywith thecolumnsindexedby allt subset®fV andtherowsindexedbyall k subset®f
V. Anentryin A is 1 if andonly if thet subseis containedn thek subsetandO otherwise.Therows
of A correspondingo a designwould be disjoint; their dot productwould be zero. Let G be a graphwith
verticescorrespondingo the rows of A. Two verticesareadjacenin G if andonly if their corresponding
rows aredisjoint. Findinga clique of sizebin the graphis equvalentto nding the correspondinglesign.
If the sizeof amaximumcliqueis lessthanb, no suchdesignexists. SeeExamplel.2.1.

An n-factorof agraphG = (V; E) is aspanningsubgraplof G in which every vertex hasdegreen. A
graphfactorizationis adecompositiorf agraphinto edge-disjoinspanningsubgraph$l o[ H1[ :::[ Hx,
whereeachH; is ann-factorof G. Thegraphin Figurel.2representa 1-factorizationof the cubeandthe
graphin Figurel.3representa 2-factorizationof K ¢, thecompletegraphon ninevertices.

Maximum cliqguescanbe usedto nd k-factorizationsof a graphG = (V;E). Begin by nding all
k-factorsof G. Createa graphG°whereeachvertex of G° correspondso a k-factorin G. Two vertices
in G%areadjacenif the corresponding-factorsin G arevertex disjoint. A maximumcliquein G°of size
2JE j=nk correspondso a k-factorizationof the graphG. If the sizeof a maximumcliquein G%is smaller
than2jE j=nk nok-factorizationof G exists.
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Figurel.2: A 1-factorizationof thecube

Figurel.3: A 2-factorizationof K g

1.2.1 Example: Relation betweena designand a clique

Considerthedesignwith parameter@ (7;3;1). LetV = f0;1;2; 3;4;5; 6g. Figurel.4givesthe matrix
A with rows indexedby all triplesof element®f V andcolumnsindexedby all pairsof elementof V. The
rst columnof A givesalabelingof therows thatcorrespond$o the verticesof the graph. Two verticesx
andx; areadjacenif andonly if thedot productof their correspondingowsin A is zero.

Thegraphproducedy this methodis regular of degree22. Thesizeof a maximumcliquein thegraph
is seven. Becausdhe numberof blocksneededo forma2 (7;3; 1) designis seven,a maximumclique
from the graphcanbetranslatednto a setof blocksforming the desireddesign. One maximumclique is
formedby thevertices

fX1;Xg; X12; X165 X24; X26; X320

Theresultingdesignconsistof the blocks
f0;1;39;f0;2;60;f0; 4;50;f1;2;4g; f 1;5; 60; f 2; 3; 5g; f 3; 4; 60:
Anothermaximumclique,formedby vertices
fX3; X6; X11; X15; X23; X30; X310);
producesa designwith blocks

f0;1;,5g;f0;2;49;f0; 3;6q; f 1; 2; 3g; f 1; 4; 60;f 2; 5; 60; f 3; 4; 5g:
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01 02 03 04 05 06 12 13 14 15 16 23 24 25 26 34 35 36 45 46 56
Xo (0121 1 0 0 O 0 1 0 O OO O OOOU OO OO OU OTU OOW
X2 (01831 0 1.0 0O OO 1 0O O OO OO OOO0OO0OOTGO
X2 (01421 0 0 1 0 0 0O O1 0 OO O O O O OO0 o0o0@wO
x3 (0151 0 0 0 12 0 O O OO1 O O O OOOOO OOTG OOW
X4 (062 0 0O O O1 0 OO O 1 O OO O OO0OO0OO0OTO0OTGO
Xxs (028310 1 1 0 0 0O O OO OO 11 0 OO0OO0OOO0OTUO0OTG OO
X¢ {0240 1 0 1 0 0 0O OOO O O 1 0 0 0 0 0 0 0O
X7 [02610 1 0 0 1 0 O OOO OOOT11TO0OTO0OTUO0OOUOTGO0OO
Xxg {0260 1 0 0 O 1 0O OO O OOOOOTI1O0O0OO0OO0OTO0OTGO
X9 {0340 0 1 1. 0 0 0O 0OOO O O O O O1 0 00000
Xpo [035|/0 0 1 0 1 0 O OOO OOOOTOOTI1IO0O0O0TO0O
X11/066(0 0 1 0 0 1 0O OO O O OOOOOOOTI1IO0O0@O
X12 |0456|0 0O 0 1. 12 0 O O OO O OO OOOOOTI1TO0U0O
X3 |046(0 0O O 1 0 1 0 O O O OO O O O OO0 O0O0410O0
X4 |056) 0 0 0 012 10 0 O O O OO OOOOOOTGOI1
X5 {1230 0 0 0O O O1 1.0 0 O 1 0 OO OO0OO0OO0OTO0OTGO
X |[124/0 0O 0 0O 0 01 01 0 0OO 1 OO OOOOTODWO
X7 |12)0 0 0 0 0 021 001 0O O 1 O0OO0OO0OO0OO0OTO0OTO
Xig|1l26( 0 0 0 0O O O 1 0 OO 1 0O O O 1 0 0 0 O0O0OTPWO
X9 1340 O 0 0O 0 0 0O1 1 0 0 OO OOT1O0OTO0OO0OTO0OTO
X0 130 0 0 0 0 0 01 01 0 OO O O O 10000
X212 1360 0 0 O 0 0 O1 00O 1 0O O0OOO0OOOTI1I O0TO0TO
X2 1450 0 0O 0O O O O O1 1.0 0 0O 0 O 0 0 0 1000
X3 |146|0 0O O 0O O 0 O O1 01 0O O OOOOOOTI1IO0
X4 |16 0 O O O O O O OO 1 10 0 O O OOO0OO0OTGO0OI1
X»p 2340 0O O O O OO OO OOT1 1 0 0 1 0 0 0 00O
X2 235/ 0 0 0 O OOO O OO O 11 01001 0 0O0U0O
X7 2360 0 O OOO O OOOO11O0O01 0 01 000
X2 |245/0 0 0 0O 0 0 OO OO OO11 10 O0O0OO0OT1IO0O
X9 |246/ 0 O O O O OO OO O O O1 01 0 0 0 010
X3 2560 0O 0 O 0O O OO OO OOOTI1T10O0O0O0OTO0 1
X321 {3450 0 0 0O O O OO OO O OOOOOTI 1T 10100
X32 |346|0 0 0 0O 0 0O O OO O O OOOOI11O01 010
X33 [3%6|0 0 0 O O OO O OO OOOOTOOTI1I 1 001
X34 |46 0 0 0O 0O O O O OO OO O O O O OO0 01 11

Figurel.4: Matrix A

1.3 Parallel Computing

Traditionallycomputerdave beencomposeaf onecentralprocessinginit, CPU,simply calleda processqr
which canprocesneinstructionat atime. This kind of machineis calleda serialmachine andprograms
written for it are serialprograms.Parallel computing,in contrastto serialcomputing,takes advantageof
multiple processesvorking concurrentlyto solve the sameproblem. Theseprocessesanrun on eithera
single or multiple processorswhich in turn might be part of a single machine may be locatedon mary
individual machinesvhich have beenjoinedinto a cluster or acombinationof thetwo.

machinewould require ve stepsto completethe computationpnefor eachaddition. If the additionwere
doneon a parallelmachinewith ve processesyhereeachprocesswasassigned pair of numbersthe
computationwould only take one step. During that one stepeachprocessvould addthe pair of numbers
assignedo it.

In aserialmachinethe singleprocessohasaccesdo all memoryin themachine.Memoryin a parallel
machinecomesin oneof two basicforms. In a sharedmemorymachineall processorfiave accesgo the
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0

Figurel.5: Sharedanddistributedmemorymachines

samememory In adistributedmemorymachineeachprocessohasits own memory SeeFigurel.5for an
illustrationof thetwo memorymodelswherep denotesa processoandm denotesnemory
Onemotivationfor computingin parallelis the potentialspeedncreaseasseenin the simpleaddition
exampleabore. If oneprocessocancompleteataskin ve minutesthenperhaps ve processorsvorking
togethercancompletethe sametaskin oneminute. The speedncreasehowever, may not be proportional
to thenumberof processorfor mary reasonsCommunicatiorbetweerthe processorsreateoverheadot
presentn aserialmachine If theproblemis noteasilybrokeninto equalpiecegheremaybeloadbalancing
issuessomeprocessormay hish earlyandsit idle while the otherscontinueexecuting.
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Chapter 2

Background

2.1 The Maximum Clique Algorithm

In their book Kreherand Stinsondescribea deterministicserial algorithmfor nding a maximumclique
in a simple graph[1]. Pseudocodéor their algorithm, MAXCLIQUE2(), is given as Algorithm 2.1.1.
The parallel algorithm and implementationdiscussedn this paperare basedon Algorithm 2.1.1. The
MAXCLIQUE2() algorithmperformsa depth- rst searchusingboundingfunctionsto prunethe statespace
treeandreducesearchime.

LetG = (V;E) beagraphonn vertices.LetV = f0;1;:::n 1gandlet A, bethesetof verticesin
G adjacento vertex m. MAXCLIQUE2(") beginswith aclique, X, of size” with X = [Xg;X1;:::;%x 1]
andcomputesa setof verticesthat canpotentiallyextend X to a clique of size™ + 1. A clique of sizek
canbe written down in k! ways,so a nave algorithmwould nd the sameclique k! times, slowing down
runtime. To preventthis anorderingis imposedon the vertices.Differentorderingsmay producedifferent
setsof verticesasthe rst maximumcliquefound. We usethenaturalordering0 < 1< :::<n 1. The
MAXCLIQUE2() algorithmconsidersaspossibleverticesonly thosethataregreateithanthelargestvertex
in thecurrentcliqueX . Proceedingn thismannemwill produceacliqueX suchthatxp < x; < :::< X+ 1.
Let By, bethesetof verticesgreatetthanvertex m. Theextensiorset the setof verticesthatcanpotentially
extendtheclique X of size” to acliqueof size” + 1, includesall verticesadjacento every vertex of X
thatarealsogreaterthanx- 1. Call thisextensionsetC-. ThenC- = Ay. ;|\ By. ,\ C 1isthesetof
possibilitiesfor x-.

Ourgoalisto nd amaximumclique,sothereis no needto recordevery cliquefoundby thealgorithm.
Instead,only the largestclique currentlyfound is saved. Every clique found is comparedo the current
largestclique,OptClique , andif alargercliqueis foundit becomeghenew OptClique . Thevariable
OptSize isthesizeof thecurrentoptimalclique.

To reducethe numberof nodesn the statespacdreeaboundingfunction,BounD(X ), canbeincluded
in thealgorithm. The simplestboundingfunctionaddsthe numberof verticesin the extensionsetC- to the
size of the currentclique X of size". If this sumis lessthanor equalto the size of the currentoptimal
clique, it is impossibleto form alarger clique andthereis no needto continueprocessing< . Thisis called
thef sizebound). MAXCLIQUEZ2("), completewith boundingfunction,is givenin Algorithm 2.1.1.

9
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Algorithm 2.1.1: MAXCLIQUE2(")

extemal BoOUND()
global Ap;Bm;Cmn (M=0;1;:::;n 1)
if * > OptSize
OptSize
OptClique  [xg;:unx 1]
if>=0

thenC- V

elseC- Ay ,\ Bx. ,\C 1
M B([Xo; 5% 1))
for e@chx 2C
%if M  OptSize

thenreturn ()

then

do

X+ X

- MAXCLIQUE2(" + 1)
main
OptSize O

MAXCLIQUE2(0)
output (OptClique)

Otherboundingfunctionsproducebetterresultsthanthesimplesizebounddescribedbore. Kreherand
Stinsonexaminedtwo additionalbondingfunctions,the greedyboundandthe samplingbound Between
thesethreeboundsKreherand Stinsonfound the greedyboundto yield the bestpruningof the statespace
tree[1]. At eachstepthegreedyboundgreedilycolorsthe verticesof the extensionsetC- suchthatnotwo
adjacenverticesreceve the samecolor. Thenumberof colorsneededyivesanupperboundon thenumber
of verticesthatcanbeaddedo thecurrentclique.

Thethird bounddiscussedby KreherandStinsonis the samplingbound.It performsa greedycoloring
of all the verticesin the graphbeforethe searchbegins. At eachstepthe numberof colorsusedon the
verticesof C- is addedo thesizeof the currentclique.

2.1.1 Example: MaxClique2

Considerthe graphdisplayedin Figure2.1. If the samplingboundwerebeingusedit would performan
initial greedycoloring of the graph. The verticesf 0,2,4y would be given color 0, verticesf 1,3y color 1,
verticesf 5,69 color 2, andvertex 7 would have color 3. At somepointX = [3]is the currentclique with
size® = 1. ThenA3 = f0;2,4;5;6;79, B3 = 4;5;6;7g, andC, = f4;5;6;79. We cancomparethe
resultsof thesize,greedyandsamplingbounds.Usingthesizeboundwe know thatX canbeextendednto
acliqueof sizeatmost™ + jC-j = 5. The greedyboundwould color the verticesof C, asfollows: vertex
4 is color 0, vertices5 and6 arecolor 1, andvertex 7 is color 2. The upperboundwould thereforebefour.
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The samplingboundusedthreecolorsto color theverticesin C,, andwould thereforealsogive a boundof
four.

In thenext stepX = [3; 4]is thecurrentcliquewith size™ = 2. ThenA4 = 3;5;6; 79, B4 = 5;6; 7g
andCs = Az\ B4\ C, = f5;6; 79. Thesizeboundstill saysthatX canbeextendednto acliqueof size
atmost ve. Usingthe greedybound,which would color the verticesof C3 with two colors,we still have
anupperlimit of four vertices. The samplingboundcoloredthe verticesin C3 with two colors,giving an
upperboundof four.

Figure2.1: A samplegraph

2.2 UPC

Before presentinghe parallelalgorithmfor solving the maximumclique problemwe will discusshe pro-
gramminglanguageusedfor theimplementationUni ed Parallel C, or UPC,is anextensionof theANSI C
programmindanguagd4]. UPC programdollow thesingleprogram,multiple data(SPMD) programming
model [3]. Theuserwritesonly onepieceof code. During executionmary copiesof this singleprogram
arerun simultaneously Eachinstanceof the programis calleda thread. Therearetwo constantsn UPC
thathelp managehesemultiple threads:THREADSs the numberof threadsunningandMYTHREAL a
uniqueconstanfrom theset(0; 1;:::; THREADS 1) which providesthethreadwith anidentity.

Unlike the master/shae programmingmodelor thefork/join modelof OpenMRthereis no singlecon-
trolling procesghatinvokesparallelexecutionwithin the executionof the program.With UPCall threads
runthe programfrom startto nish. Within the executioneachinstancecanuseits valueof MYTHREAD
make decisionswithin its own executionpath. For example,considerthefollowing code.

if (MYTHREAD== 0)
readFile();

When eachthreadreachesghis sectionof codeit will considerthe if statement. Only the threadwith
MYTHREARqualto zeroexecuteghefunctionREADFILE(). All otherthreadsskip thatstatement.
Becausall threadsexecuteon their own clocksandtake differentexecutionpathsthroughthe program
thereis nonotionof instruction-by-inguction synchronizationAll synchronizatiomustbedoneexplicitly.
Thereareseveralwaysto do this, but the principleway is to usea upC_BARRIER(). Onceathreadreaches
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barrierit cannotcontinuewith executionuntil all otherthreadshave reachedhebarrier SeeExample2.2.1
for anexampleof the effectsof a UPC_BARRIER() in programexecution.

UPCis basedn a partitionedsharednemorymodel. Thisis a partitionof availablememorythataligns
with thethreads Partitionedsharednemoryrequiresthatwe declareshaedvariables variablesaccessible
to all threadsasshared . Any variabledeclaredwithout the keyword shared is a private variable and
eachthreadhasits own instanceof thevariable.SeeFigure2.2for a pictureof the partitionedmemory The
spaceabove athreadrepresentthememoryto whichthatthreadhasaf nity . Eachthreadcanmake memory
referenceso its partof memorywithoutinterferingwith the memorybeingacteduponby otherthreads.

Sharedviemory

PrivateMemory

To T2 TTHREADSL

Figure2.2: UPCMemoryallocation

Sharedvariablesmusthave globalscope.Considerthefollowing declarations.

shared int A;

shared int x[4];

shared int y[20 * THREADS];

Thedeclaratiorshared int A; meanghatA is anintegervariablein the sharedspace.By convention
singlevariableshave af nity to threadzero.Thevariablex is anarraythatis spreacacrosghesharedspaces
suchthattheafnity of x[i] isthreadT; wheret i (mod THREADSSIimilarlyy is anarrayof length
20* THREADSwith af nity assignedisabore. Thereforeeachthreadhasaf nity to 20elementof arrayy.
Example2.2.2illustratessharedandprivatevariabledeclarations.

Oneway to protectsegmentsof code,and consequentlyaccesdo sharedvariables,is to uselocks. A
lock is an objectthat canbe held by only onethreadat a time. Beforeaccessin@ certainareaof shared
memorya threadcanbe requiredto obtaina lock associatedvith thatarea. Whenthethreadis nished it
releaseshe lock. Until the lock is releasedary otherthreadattemptingto acquireit mustwait. Provided
thatall sectionsof codethatreadfrom or write to a speci ¢ areaof memoryareprotecteddy the samelock,
threadsarepreventedfrom readingmemorythatis concurrentlybeingwrittento, andvice versa.

Oneof the main bene ts of UPC asa parallellanguageés its easeof use. Becausat is basedon the
C programminglanguage almostall syntaxis familiar to C programmers.MPI, a library that handles
explicit messag@assingallows processeto sendeachothercopiesof the variablesthey have undertheir
control. UPC, in contrast,achieves communicationby referencedo sharedvariables,sometimescalled
implicit messaggassing.Userscanwrite assignmenstatementsvithout knowing which threadcontrols
eachvariable.
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2.2.1 Example: UPC barriers

13

Considerthe following UPC code,compiledon four threads andthe resultingoutput. Without somesyn-

chronizationthe outputdepend®ntirely on the speedf eachthread.

int  main()

{

printf("Thread
printf("Thread

return

Thread
Thread
Thread
Thread
Thread
Thread
Thread
Thread

P W W NO L N O

0;

likes
likes
likes
likes
likes
likes
likes
likes

%d likes

%d likes
bread and
bread and
bread and
toast and
toast and
bread and
toast and
toast and

bread and butter.\n",
toast

butter.
butter.
butter.

jam.
jam.

butter.

jam.
jam.

MYTHREAD);
and jam.\n", MYTHREAD);

Now considerthe modi ed codebelon. Whena threadreaches barrierin its executionit cannotcon-
tinue until all threadshave reachedhe barrier Althoughbeforeandafterthe barrierthe orderof execution
is basedn the speedf eachthreadnoinstructionsbeforeor afterthe barriercanbeinterchangedin other

words,all threadsmustmake their fondnesdor breadandbutter known beforeary canmentiontoastand

jam.

int  main()

{

printf("Thread
upc_barrier();
printf("Thread

return

0;

Thread O likes
Thread 2 likes
Thread 1 likes

%d likes

%d likes

bread

bread and butter.
bread and butter.

and

bread and butter.\n", MYTHREAD);
toast and jam.\n", MYTHREAD);
butter.
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Thread 3 likes bread and butter.
Thread O likes toast and jam.
Thread 2 likes toast and jam.
Thread 3 likes toast and jam.
Thread 1 likes toast and jam.

2.2.2 Example: UPC Variable Declaration

The following variable declarationscompiledto run on four threads,resultin the placementshavn in
Figure2.2. Notice thata bloding factor hasbeenaddedto the shareddeclarationof arrayy. A blocking
factorof x meansthatx elementsof the arraywill be placedin eachthreads sharedmemory wrapping
aroundif thesizeof thearrayis largerthanthe numberof threads Thedefault blockingfactoris 1.

shared int AB;
shared int Xx[5] ;

shared 2 int y[10] ;

int a;

AB|Xo [ Xa || |[Xe|[Y2|Ya]||[Xa|VYa|Ys]|||Xs]VYe]| Y7
Yo |Y1|Ys
Yo

[a] [a] [a] [a]

To T T T3

Figure2.3: UPCDeclarations

2.3 The StateSpaceTreeand Load Balancing

To obtain good performancerom parallel computationit only makes sensethat all processorspr UPC
threads,shouldbe busy during the entire executionof the program. Idle threadscontritute little to the
speedncrease$ookedfor in a parallelimplementationNot all algorithmsarecapableof beingbrokeninto
smallerpiecesand are thereforenot suitablefor parallelcomputation. Otheralgorithmsmay be granular
enoughyet still suffer from load balancingproblemsfor variousreasons.To obtainan ef cient algorithm
theworkloadbetweerthethreadsnustbe balanced.

To betterunderstandhe potentialfor uneven work distribution in a parallelimplementationt helps
to considerthe statespacetree of the backtrackalgorithm. This treeis essentiallya picture of the search
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conductedby the algorithm, with eachvertex or node on the tree representinga clique consideredand
analyzedoy the algorithm. By consideringhe statespacereeof the completegraphon n verticeswe can
seethatary statespacereeis at mostn nodesdeep,andif only verticesof higherorderareconsideredn
the extensionset,thereareat most2" nodesin thetree. As anexampleconsiderFigure2.4,the statespace
treeof theserialalgorithmMAX CLIQUE2(") for thegraphin Figurel.1lthatresultsif noboundingfunction

is used.
[O]%sN

[ ] [4] [5]
PZANAN

[0,1] [1,2][1,3][1,4][1,5][2,3][2,4][2,5] [4,5]

AN

[1,2,3][1,|2,4][1,2,5] [1,4,5]

[1,2,4,5]

Figure2.4: Statespacdreefor thegraphin Figurel.1

A naive approactto distributing thework would beto assignthethreadsranche®f the treebeginning
with the cliquesof sizeone. Consideragainthe graphin Figurel.1 andthe correspondingtatespacetree
in Figure2.4. If, for example,therewerethreethreadssearchingve could assignthe brancheseginning
with cliques[0] and[3] to threadTg, branchedbeginningwith cliques[1] and[4] to threadT, andbranches
with cliques[2] and[5] to threadT,. Let eachthreadhave a privatesetS suchthat$S is the setof cliqgues
of sizeoneassignedo thatthread. Eachthreadwould executethe MAXCLIQUE2(") algorithmjust asin
the serialversion,with a few smallchangesInsteadof makingthe rst callto MAXCLIQUE2(") with the
currentcligue X beingthe empty cliqgue, eachthreadwould make their rst call with the currentclique
X setto oneof the cliquesof sizeonein S. Eachthreadwould repeatthis for every elementof their set
S. Pseudocodéor this naive parallelapproachis given as Algorithm 2.3.1,with theinitial distribution of
cliguesdonemodulusthe numberof threads.Any othersimpledistribution could alsobe used. Note that
only onethreadneeddo setthevalueof OptSize to zero. Notealsothateachthreadmustacquirealock
beforeaccessinghesharedvariablesOptSize andOptClique

Processinghe graphin Figure 1.1 using Algorithm 2.3.1on threethreadsresultsin threadT; having
potentiallymuchmorework thaneitherof the othertwo threads.In generathe branchegowardtheleft of
thestatespacdreewill generatenorework thanbranchesowardtheright of thetree,becaus@nly vertices
of higherorderareconsideredThepruning,or bounding functionsmake theunbalancevenmoreextreme.
Partial cliguestowardtheright of thetreearemorelikely to have smallerextensionsets,andthosebranches
will beprunedsooner

Althoughit is easyto saythatthe branche®n theleft will usuallyprovide morework, it is impossible
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to sayexactly which brancheswill producemorework, andhov muchmore. In Figure2.4, for example,
the branchof the statespacetree beginning with the clique [0] terminatesmmediately while the branch
beginning with the clique [1] resultsin a maximumclique. This meansthatary initial division of work
cannotguarante¢hatnothreadwill becomddle while otherscontinueprocessingWhatis neededs away
to redistritute work while processingWe choseto redistritute the work usinga stealstack.

Algorithm 2.3.1: PARMAXCLIQUE(")

extemal BOUND()
Shared OptClique; OptSize
global Am;Bm;Cm; (Mm=0;1;:::;n 1)
Lock()
if ~ > OptSize
OptSize
OptCliqgue  [Xo; X 1]
UNLOCK()
if>=0
thenC- V
elseC- Ay ,\ Bx. ,\C 1
M BOUND([Xg; 5 x> 1])
for e@chx 2C
%if M  OptSize
thenreturn ()

1

X+ X
- PARMAXCLIQUE(" + 1)
main
if MYTHREABR 0O
thenOptSize O
fors Oton 1
doif i=THREADS= MYTHREAD

thenS S| s
for e%chs 2S
5 Xo S

" PARMAXCLIQUE(])
output (OptClique)




Chapter 3

The Stealstack

3.1 Theoretical Overview

Thestealstak was rst implementedy Prinsetal. asa meansf dynamicallybalancingthe work load of
anunbalancedearchree[2]. Eachthreadhasaf nity toastackandanassociatetbck. Thestacksandtheir
locksaredeclaredn sharednemory allowing all threadsaccesso eachstack. Thenodesonastackaredata
structureghatcorrespondo nodesn the statespacdree. Eachnodecontainsenoughinformationto starta
searchasa root of a subtreeof the completestatespacetree. Thesenodesaredivided into two cateyories.
Thenodeson thetop of the stackarecalledthelocal nodes andthoseon the bottomarethe shaednodes
Thelocal andsharedportionsof a stackshouldnot be confusedwith privateandsharedmemoryin UPC.
Thelocal nodesarefor processingpnly by the threadwith af nity to the speci ¢ stack. Sharednodesare
freeto bestolenby ary idle thread.Thelock associatedavith a stackcontrolsaccesgo the sharechodesof
thestack.SeeFigure3.1.

Whena threadanticipateghatit will have too muchwork, a decisionthatis discussedater, it pushes
jobsontothetop of thelocal portion of its stack. A threadcanalsoreleasenodesfrom the local to shared
portion of its stack, freeingthemto be stolen. Whenthe thread nishes processingts currentwork, it
attemptdo popajob off thetop of its local stack.If thelocal stackis emptythethreadwill attemptto move
nodesfrom the sharedportion of its stackto the (empty)local portion. Thethread rst acquirests stack
lock, thelock associatedvith its particularstack.Oncethelock hasbeenacquiredthethreadchecksto see
thattherearenodesn the sharedoortion,andif somovessomeof themto its local portionandreleaseshe
lock. If thethreadacquireshelock anddiscoversthatits sharedportionis alsoempty it releaseshelock
andattemptdo stealnodesfrom anotherthread.

The idle threadbggins the stealingprocessby examiningthe otherthreads'stacks,searchingor one
with nodesin the sharedportion of its stack.Whentheidle thread nds sucha stack,it attemptgo acquire
thelock associatedvith it. Oncethelock is acquiredheidle thread rst makessurethattherearestill nodes
available,andif so movesthemto thelocal portion of its own stack,thenreleaseshe lock. Any number
of polling methodscanbe used. The simplestway for threadT; to nd a threadwith work to stealis to
begin with threadTi+; (mod THREADSndloop throughall threadssequentially The polling neednot
be sequentialhowever. It couldfollow a randompattern,a predeterminegbermutationof the threads or

17
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<—top

localnodes

local

sharechodes

sharedStar t

Figure3.1: A stack

ary cycle theuserdeterminesvill producedetterresults. The numberof timesa threadpolls is alsoopen
to optimizationby theuser

Having theidle threaddook for work is anadwantageougeatureof thestealstackandwhy it waschosen
to solwe this problem. Someload-balancingnodelshave busy threadspausetheir computationto nd idle
threaddo give theirwork to.

Figure3.2 summarizeshefunctionsassociateavith the stealstack.

3.2 MaxClique

Thestealstackow needgo beincorporatednto the MAXCLIQUEZ2(") algorithm.Eachnode,or job, onthe
stackneeddo containthreeelementsaclique, its size,andits extensionset. Let temp be a node.We will

denotenodetemp's cligue by temp:X , the sizeof theclique by temp:L, andthe extensionsetby temp:C.
Thenodemayalsobedenotedy tempx -c:L .

At somepoint the threadneedsto decideif it hastoo muchwork, andif so, whatwork it will puton
its stack.Let TMW/() beafunctionthatreturnstrue if thethreadhastoo muchwork, and false otherwise.
A particularimplementatiorof TMW() is discussedbection4.2. In MAXCLIQUEZ2(") eachelementof the
extensionsetC: isincluded,in turn,in thecurrentclique,andthesearctcontinuedrom there.In theparallel
version Algorithm 3.2.1,if thethreaddeterminesghatit hastoo muchwork it includesthe rst elemenbof C-
in thecurrentclique. Beforeprocessinghis new cliquethealgorithmincludeseachadditionalelemenof C-
in thepreviouscliqgueandpusheshejob, the new cliqueandits sizeandextensionset,ontoits stack.At this
pointthethreadalsocheckghe numberof jobsin thelocal portionof its stack. Thefunction FuLL () returns
true if therearemorethanenoughjobsin the local portion, and false otherwise. An implementatiorof
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FunctionName Action Taken ReturnValue
PUSH(&someNode)| the work in someNodeis | none
pushecdbn top of the stack
pPoP(&someNode) | the work from the nodeon | none
thetop of thestackis putinto
someNode
LOCALDEPTH() numberof nodesn local part
of stack
RELEASE(K) k nodesare moved from lo- | none
calto sharedpartof stack
ACQUIRE(K) k nodes are moved from | TRUE if k nodesare moved
sharedo local partof stack | from sharedto local part of
stack,elseFALSE
STEAL(t, k) k nodesmovedfrom bottom | TRUE if k nodesare taken
of threadt's sharedportion | from threadt's stack, else
to top of local portion FALSE
FINDWORK (K) numberof a threadwith at
leastk nodesin sharedpart,
-1if nosuchthread

Figure3.2: Stealstaclkunctions
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FuLL() is discussedn Section4.2. If FuLL()=true thenthethreadreleasesomeof the nodesfrom the
local to the sharedportion of its stack,freeingthemto be stolen. It then proceedswith the nen current

clique. SeeExample3.2.1.

Anotherpropertyof thealgorithmto noteis theinitial distribution of thework. In theserialversionthe
algorithmessentiallystartswith nothing.It hasno currentclique,soits rst actionis to createC astheset
of all vertices.Eachof thesewill atsomepointbecomethe rst elementof aclique. In the parallelversion
it makessenseo begin by distributing thesecliquesof sizeoneto all threads Giving themall work to start
onimmediatelysavestime thatwould belostif only onethreadbeganworking andall othershadto wait for
thatthreadto generateenoughwork for themto steal.
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Algorithm 3.2.1: MAXCLIQUE(")

8
3 BounD(); TMW()
extemal 5 PUSH(c); FuLL()

" RELEASE(K)
global A+;B-;C
Lock()
if ~ > OptSize
OptSize
OptClique  [xg;:::;x 1]
UNLOCK()
if =0
thenC.- V

elseC- Ayx. ;\ Bx. ,\C 4
M BOUND([Xg;:::; X 1])
it TMW()
if M  OptSize
thenreturn ()
x therstx2 C
for eachadditionalx 2 C-
do push(x; C-)
if FuLL()
then RELEASE(K)
* MAXCLIQUE( + 1)
els%for eachx 2 C
%if M  OptSize
thenreturn ()

X X
* MAXCLIQUE( + 1)

Algorithm 3.2.1is amodi ed versionof Algorithm 2.1.1. It differsin thatthe conditionalTMW(), the
subsequerddditionof nodedo the stack,andtheconditionalFuLL() andfollowing RELEASE (k) have been
added.Althoughthis now allows threadso addwork to their stack,andevenreleasevork for stealing,it
doesnot allow athreadto remove work from its own stack,or stealfrom otherthreads.An algorithmfor
enablinga threadto emptyits stackwill beaddressedst. ConsiderAlgorithm 3.2.2. Theinitial jobs,all
cliquesof lengthone, are distributed amongthe threadsand placedon their local stacks. In the function
DFS() anodeis removedfrom thelocal stackandprocessedompletely During the processingthernodes
mayor maynotbeaddedo thelocal stack.Whenthethread nishes with thatportionof thegraphit begins
onthenext nodein its local stack.Whenthelocal portionis emptythethreadattemptgo move nodesfrom
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its sharedo local portion. ThefunctionACQUIRE(a) returnstrue if a nodesveremovedfrom thesharedo

local portion,and falseif therewerenota nodeso mave. WhenDFS() completeghethreadhasno nodes
in eitherits local or sharedstack,andis out of work.

Algorithm 3.2.2: DFS()

( MAXCLIQUE()
POP(C)

extemal

repeat

Whileé_OCALDEPTH() >0
%temp POP()

X  temp:X

Cisy tempC
* MAXCLIQUE(temp:L)
moreWork  ACQUIRE(a)
until moreWork = FALSE
main

for eachx < n;x MYTHREAROD n)
do PUSH(Cx; 1;8)

OptSize O

BARRIER()

DFS()

output (OptClique)

Now what is neededto balancethe load is an algorithm that incorporatesstealing. ConsiderAlgo-
rithm 3.2.3. The function DFS() emptiesboththe local andsharedportion of a threads stack. Oncethat
happenghethreadneedso nd work to steal,andbegins searching.The function FINDWORK() polls the
otherthreadausingwhatever methodis decidedupon,andreturnsthe numberof a threadwith enoughwork
to steal. If no otherthreadhasenoughnodesin its sharedoortion FINDWORK() returns-1 andthe thread
exits. Oncea threadwith potentialwork is found the nodesmustbe moved from its sharedstackto the
local stackof thesearchinghread.ThefunctionsTEAL (victimld,k) returnstrue if k nodesaresuccessfully
stolenfrom threadTicim ¢ and falseotherwise .Becausenotherthreadmay have movedthenodesto its
own stackbetweerthe time the searchinghreadlocatesthe busy threadand attemptsto move the nodes,
merely nding athreadwith enoughwork is nota guarante¢hatathreadwill beableto stealthework.
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Algorithm 3.2.3: EXPLOREFOREST()

( DFS(); FINDWORK()
STEAL(t; k)

extemal

DFS()
victiml d  FINDWORK()
while8victiml d= 1
3 if STEAL(victiml d;k)
do 5 then DFS()
" victiml d = FINDWORK()
main

do PUSH(Cx-8 )
OptSize 0
BARRIER()
EXPLOREFOREST()
output (OptClique)

for eachx < n;x  MYTHREAROD n)

3.2.1 Example: Pushingnodeson the stack

Figure3.3: A samplegraph

Considerthe graphdisplayedin Figure 3.3 Let TMW() return true if andonly if jC:j > 3 andlet
X = [2; 3] bethecurrentcligue. Then™ = 2andC3 = f4;5;6; 7g. Thethenew cliqueisthenX = [2;3;4]

andthenodes

T=3X =[2;3,5]C =1f4,5,6,79
T=3X =[2,3,6]C=14,5,6,79
3X =[23,7]C = 14,5,6;79
arepushedntop of the stack.
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Implementation Details

4.1 Data Structuresand Variable Declarations

The main datastructureusedin the programis a set,representedy a bit vector Elementi is in the setif
andonly if theith bit is 1. Thegraph,then,is storedasanarrayof sets,[A; :j = 0;1;:::;n  1]. The
j th setin thearrayrepresenttheverticesin G adjacento vertex j . Currentcliquesandthe currentoptimal
clique arealsostoredassets.Usingbit vectorsto representhe setsresultsin a smalleramountof memory
neededo storethe datathanif datastructurediked linked lists or arraysof integershadbeenused.It also
facilitatesbasicsetoperationsjntersection@andunionsof setsarequick andsimpleto compute.Because
UPCsometimedasdif culty dealingwith dynamicallyallocatedvariableseverythingis declaredstatically
beforecompilation. This meansan upperboundon the numberof verticesin the graphneedgo be known
beforehand.

Becauseéhe datastructureusedto storethe graphinformationis relatvely small, eachthreadmalkesa
copy of thegraphin its own privatememory The programreferenceshe graphfrequently Thus,placinga
copy in memorythatathreadhasaf nity to will speedup programexecution.

Otherthanthestealstacktheonly dataplacedn sharednemoryarethecurrentoptimalclique, OptClique
its size,OptSize , andthelock thatregulatestheir accessBecauseall threadsaccesshesevariablesthere
is nobene tto giving themafnity to ary particularthread andthey aredeclaredsimply asshared.

Distributing theinitial cliquesof lengthone,representetly the childrenof theroot, modulusthethread
number dividesmoreevenly thehheavier brancheamongthethreadghansimply partitioningthebranches.
Thisway eachof thethreadswill hopefullybegin with oneof the heavier branchedrom theleft sideof the
tree.

4.2 Function Contents

The function TMW() determinesvhetheror not the threadwill pushsomeof its jobs ontoits stealstack.
BecauseTMW)() is calledwith eachrecursve call of MAXCLIQUE() it mustrun quickly. We choseto
usethe size of the extensionsetasthe criteriafor determiningthe amountof work the currentclique will
produce A large extensionsethasthe potentialfor creatingmuchmorework thana smallset. Becauseghe
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setsareall storedasbit vectorsa simplemaskandlookup algorithmfor nding the size of the setsis not
overly time-consuming.

The function FuLL() determinesf nodeswill be releasedrom the local to the sharedportion of a
threads stealstack As with thefunction TMW() thefunction FuLL() is calledwith every recursve call of
MAXCLIQUE() andmustthereforerun quickly. We choseto usethe numberof nodesn thelocal portionto
determindgf nodesshouldbereleasedIf LocALDEPTH(), a stealstackunction, returnsavalueabore a set
limit, thethreadwill releaseherequisitenumberof nodeso its sharedportion.

Thenumberof nodedo releasdo thesharedstack,acquirefrom thesharedstack,andstealfrom another
threadareall opento optimization. Stealingseseral nodesat a time cutsdown on overhead.Without care,
however, a problemmay arise. The numberof nodesreleasedat atime, acquiredat a time, andstolenat a
time mustbe coordinated.If they arenotit may happenthata threadhasa numberof nodesin the shared
portionof its stealstackbut therearetoo few to stealandtoo few to acquire.In thatcasethenodeswvouldgo
unprocessedndthe programmight returna clique thatis not maximum.Oneway to ensureghatno nodes
areleft in the sharedstackis to make the numberof nodesstolenat a time equalto the numberof nodes
releasecandthe numberacquired sayk. Thenthe numberof nodesin the sharedstackat ary time would
be a multiple of k andtherewould never be too few to be stolenor acquired.Anotheroptionis to acquire
only onenodeatatime. With this optionthenumberelease@ndthenumberstolenatatime do notneedto
beequal.This allows thethreadto releasea numberof nodesproportionalto the numberin its local stack.

4.3 Experimental Results

The motivationfor a parallelimplementatiorof the maximumclique nding algorithmwasanincreasen
the speedf execution.To determineghevalidity of this presumptiorwe comparedhetime of executionof
theserialprogramto thatof the parallelprogram.We rst determinedhecorrectnessf theparallelprogram
by runningmultiple trials on graphsup to 200 verticesandcomparingthe resultsto the serialprogram.We
thengeneratedandomgraphson 250,500, 1000,and 2000verticeswith densitiesof .20, .35,and.50. A
densityof k meanghat eachpossibleedgeis in the graphwith probability k. This resultedin 12 random
graphs. We rst ranthe serial programon eachof thesegraphs. To obtaincomparableesultsthe serial
program,originally a C program,wascompiledasa UPC program,thenrun on onethread.Hadthe serial
programbeencompiledasa C program,with a C compiler the executiontimes may have beenslightly
faster We thenranthe parallelprogram,usingthe greedybound,on the graphs usingvarying numbersof
threads2, 10, 25,and40threads.

All trialswererun ona Cray T3E usinga non-conformingcompiler This wasdonefor severalreasons.
First,the T3E is a fastplatform,andallowed larger graphswith higherdensitieso be searchedhanwould
otherwisehave beenpossible. The versionof UPC running on the T3E, thoughnot compliant,is stable.
The numberandtypesof UPC functionsusedin the programare small and simple enoughthat usingthe
non-compliantompilerwasnot anissue.The programcaneasilybe broughtup to complianceandrun on
othermachines.

Theresultsaregivenin Tables4.1,4.2,and4.3. The rst numberin eachentryis thetime in seconds
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Table4.1: Density.20: Numberof verticesvs numberof threads:Time in secondsand total numberof
nodesprocessed

Numberof threads
n 1 2 10 25 40
1.392 0.840 0.271 0.272 0.308
250 4,306 4,320 4,292 4,138 4,144
15.851 5.006 1.291 0.824 0.724
500 21,046 21,301 21,808 22,996 22,225
368.160 76.359 16.279 7.259 5.082
1000 302,596 302,726 303,252 302,810 302,956
1654.030 337.225 136.812 88.303
2000 5,066,860 5,084,782 5,062,776 5,062,985

Table4.2: Density.35: Numberof verticesvs numberof threads:Time in secondsand total numberof
nodesprocessed

Numberof threads
n 1 2 10 25 40
7.593 5.015 1.184 0.650 0.590
250 25,670 25,939 27,309 27,819 29,329
209.802 83.019 17.397 7.754 5.419
500 345,207 347,616 356,780 383,842 410,185
13,368.565 3,505.992 699.551 277.631 178.432
1000 12,449,987, 12,559,193 12,520,920 12,309,827 12,627,817
13,316.92 8,488.096
2000 402823073 411,591,405

for executionof the program.The seconchumberis the total numberof nodesprocessediuring execution

The columnsarelabeledwith the numberof threadswith onethreadrepresentinghe serialprogram.The
rows arelabeledwith the numberof verticesn, in thegraph.

Thetablein Figure4.1, for example,givestheresultsfor all trial graphsof density.20. Looking at ary
of therows it is easyto seea dramaticincreasen speedof executionasthe numberof threadsncreases
Onemight expecta speedncreasalirectly proportionalto the numberof threadsused.However, thetables
shaw this to be false. Increasinghe numberof threadsfrom oneto two doesnot cut the time in half, nor
doesincreasingrom oneto tencut thetime by a factorof 10. Managingthe stealstacksyaiting at barriers

andfor locks, for example,all produceoverheadnot presenin the serialversion. This overheads one of
thefactorsthatpreventthe expectedncreasan speed.

To betterseethe speedncreasebroughtaboutby a greatemumberof threads considerthe graphsin
Figures4.1, 4.2, and4.3. Eachgraphshavs the completiontime, in secondsfor one of the randomly
generatedjraphsdependingon thenumberof threadautilized. Note thatalthoughall threegraphshave the
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Table 4.3: Density.50: Numberof verticesvs numberof threads:Time in secondsand total numberof
nodesprocessed

Numberof threads
n 1 2 10 25 40
87.435 61.691 12.654 5.435 3.702
250 292,600 288,577 290,839 291,177 293,026
3,488.164 688.334 276.494 173.756
500 12,924,435 12,731,349 12,751,478 12,771,695
18,313.697
1000 1,008,807,821
2000
Time in seconds
350
300
250
200
150
100
50
10 0 30 70 Number of threads

Figure4.1: Density.20,1000vertices: Time in second¥s Numberof threads

sameshapethescalesarequitedifferent.

To illustrate that sharingwas having a signi cant effect on the load balancingand ef ciency of the
programseveral of the randomgraphswereprocessegain,without allowing ary stealing. The overhead
of the stealstacksvasstill presentput eachthreadworked only on the nodesin its own stack. Theresults
of two of thesetrial runs,bothon 500verticeswith density.35,aregivenin Tables4.4and4.5. Eachthread
reportedthe numberof nodest processedandfrom thatthe standardleviation wascalculated Looking at
eithertableit is obvious that allowing threadsto stealwork from eachotherdramaticallyeffectsthe load
balance.

Also notablein Tables4.1,4.2, and4.3 is the effect of the numberof threadson the total numberof

nodessearchedlt might be expectedthatthe numberof nodessearchedvould decreasewhenit actually
eitherremainsaboutthe sameor evenincreases.
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Time in seconds

12000
10000
8000
6000
4000
2000

10 20 30 20 Number of threads

Figure4.2: Density.35,1000vertices: Time in second¥s Numberof threads

Time in seconds

80
60
40

20

10 0 30 40 Number of threads

Figure4.3: Density.50,250vertices: Time in secondss Numberof threads

Table4.4: 500verticesdensity.35,10threads

totalnumnodes| stddev time
sharing 356780 247 | 17sec
no sharing 335061| 1,843| 78sec
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Table4.5: 500verticesdensity.35, 25 threads

totalnumnodes| stddev time
sharing 383842 188 | 8sec
nosharing 327145| 1,604 | 37sec

Severalentriesin Tables4.1,4.2,and4.3, especiallyin Table4.3areempty Thetimeto completionfor
thosegraphswith the particularnumberof threadsvastoo long.

4.4 Conclusionsand Futur e Work

Theideasusedto parallelizethe maximumclique algorithmcanbe appliedto otheralgorithms.Any back-
trackingalgorithmcanusestealstack$o balancethe workloadbetweenthe threads.A parallelversionof
StinsonandKrehers ExactCover algorithmwould be useful[1].

Theimplementatiordiscussedn this paperutilizesthe parallelismfor moving throughthe statespace
tree. Any work doneat a nodeon thetreeis doneby a singleprocessqrandis thereforeserial. Oneof the
interestingsideeffectsof thismethods that,whencomparedo theserialversion theparallelprogranwvisits
morenodesn the statespaceree. Thereis a simplereasorfor whatmayat rst seemcounterintuitve. As
theserialprogramtraverseghe statespacdreeit increaseshe sizeof the optimalclique. As it movesfrom
left to right in thetreeit prunesmorebranchedbecausé hasalargeroptimalcliqueto pruneagainst.in the
parallelversionseveralprocessorbegin moving dowvn thetreeatthesametime,andsofor awhile very little
pruninghappen®ecausall processorareexaminingcliquesof approximatelythe samesize. Thebranches
ontheright sideof the statespacdreearenot beingcomparedo the ultimatelargestclique on theleft side,
like with the serialprogram but ratherwith a clique at aboutthe samelevel. With lesspruninghappening
morenodesareprocessedneaninghatthe parallelversionis actuallydoingmorework. It is only because
thework is beingdivided betweenseveral processorshatthe parallel programis ableto completesooner
thantheserial.

Moving the parallelismfrom the movementthroughthe statespacetreeto the nodesof the tree may
resultin lesswork beingdone. Several of the threadscould be designatedis overthreads eachhaving a
numberof threadsassignedo it. The overthreadswvould traversethe treejust like all threadsdo in the
currentparallelimplementationjput at eachnodethe undertheadswould performthe boundingwork in
parallel. If the greedyboundwasbeingused,for example,thenthe underthreadsvould performa greedy
coloring algorithmin parallel. Movementthroughthe treewould be slower, but becausdetterpruningis
being donefewer nodesmay be processe@ndtheremay be an overall reductionin work. The problem
with thisimplementatioris the potentialfor the underthread#o sit idle while the overthreaddecidedwhich
nodeto processiext. Thetime lostby idle threadsmayor maynot make up for the smalleramountof work
resultingfrom improved pruning.A comparatie analysisof thetwo methodswvould beinteresting.



Bibliography

[1] D.L. KreherandD.R. Stinson,Combinatorialalgorithms: geneation, enumeation andseach, CRC
PressBocaRaton,1990.

[2] J.PrinsJunHuan,B. Bugh,Chau-W&n TsengandP. SadayapparJPCImplementatiorof an Unbal-
anced Tree Seach Bendimark http://www.cs. unc.e du/” huan/pa pers /0 3- 034 .p df ,
Univ. of North Carolinaat ChapelHill andUniv. of Marylandat College Park and Ohio StateUni-
versity 2003.

[3] M. Flynn, SomeComputerOrganizationsandTheir Effectiveness|TC, C-21(1972)94.

[4] S.ChauvinP. SahaF. CantonnetS.AnnareddyandT. EI-Ghazavi, UPCManual GeogeWashington
University http://iwww2.gw  u. edu/” upc/ documenta ti on.h tml ,2003.

29



