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Chapter 1

Intr oduction

In this reportwe discussa parallelprogrammingmethodfor solvingthemaximumcliqueproblem.Begin-

ning with a serialalgorithmandprogramfor �nding a maximumcliquein a graphwe developeda parallel

algorithmandprogramto solve thesameproblem.Theserialandparallelalgorithms,theparallelprogram,

andtheprogramminglanguageusedfor the implementationareall discussed.During the implementation

processawork distribution problemwasencountered,andthesolutionweused,theStealstack,is discussed

in detail.

1.1 Cliques

Let G = (V; E) beanundirectedgraphwith norepeatededgesandno loops.A cliquein G is asubgraphin

whichall verticesarepairwiseadjacent.Thusacliqueis acompletesubgraph.A cliqueis maximalif there

is no vertex thatcanextendtheclique. In otherwords,thereareno verticesadjacentto every vertex of the

cliquethatarenotalreadyin theclique.A cliqueof thelargestpossiblesizein thegraphis calledmaximum.

A graphmayhave morethanonemaximumclique. Let S � V bea subsetof thevertices.If thesubgraph

of G inducedby theverticesin S is aclique,wesaythatS formsaclique.

1.1.1 Example: Cliques,Maximal and Maximum Cliques

In thegraphdisplayedin Figure1.1 theverticesin f 1,2g form a clique. Becausevertex 3 canextendthis

clique, f 1,2g is not maximal. The verticesin f 1,2,3g form a maximalclique. Verticesf 1,2,4,5g form a

maximumclique,theonly onein this graph.A list of all 22cliquesin thisgraphfollows:

fg f 3g f 1; 2g f 2; 3g f 1; 2; 3g f 2; 4; 5g

f 0g f 4g f 1; 3g f 2; 4g f 1; 2; 4g f 1; 2; 4; 5g

f 1g f 5g f 1; 4g f 2; 5g f 1; 2; 5g

f 2g f 0; 1g f 1; 5g f 4; 5g f 1; 4; 5g

3
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Figure1.1: A samplegraph

1.2 Maximum Clique Applications

Theproblemof �nding a maximumclique in a graphis of interestbecausemany combinatorialproblems

canbetranslatedinto themaximumcliqueproblem.As asimpleexampleconsideramaximumindependent

set in a graphG. An independentset is a setof verticessuchthat no two areadjacent. The sizeof an

independentset is the numberof verticesin the set,anda maximumindependentset is oneof the largest

sizein thegraph.Findinga maximumclique in a graphG, therefore,is equivalentto �nding a maximum

independentsetin thethecomplementof G.

As anotherexampleconsidert � (v; k; � ) designs, with � = 1. Sucha designis a setof blocks, each

consistingof k elementsof a v� elementset,V , suchthatevery t� elementsubsetof V appearsin exactly

� , or in thiscaseone,of theblocks.Thenumberof blocksin thedesign,then,is

b =

� v
t

�

� k
t

� �:

Let A beanarraywith thecolumnsindexedby all t � subsetsof V andtherows indexedby all k� subsetsof

V . An entry in A is 1 if andonly if thet� subsetis containedin thek� subset,and0 otherwise.Therows

of A correspondingto a designwould bedisjoint; their dot productwould bezero. Let G bea graphwith

verticescorrespondingto therows of A. Two verticesareadjacentin G if andonly if their corresponding

rows aredisjoint. Findinga cliqueof sizeb in thegraphis equivalentto �nding thecorrespondingdesign.

If thesizeof amaximumcliqueis lessthanb, no suchdesignexists.SeeExample1.2.1.

An n-factorof a graphG = (V; E) is a spanningsubgraphof G in whichevery vertex hasdegreen. A

graphfactorizationis adecompositionof agraphinto edge-disjointspanningsubgraphsH 0 [ H1 [ : : : [ H k ,

whereeachH i is ann-factorof G. Thegraphin Figure1.2representsa 1-factorizationof thecubeandthe

graphin Figure1.3representsa2-factorizationof K 9, thecompletegraphon ninevertices.

Maximum cliquescanbe usedto �nd k-factorizationsof a graphG = (V; E). Begin by �nding all

k-factorsof G. Createa graphG0 whereeachvertex of G0 correspondsto a k-factor in G. Two vertices

in G0 areadjacentif thecorrespondingk-factorsin G arevertex disjoint. A maximumcliquein G0 of size

2jE j=nk correspondsto a k-factorizationof thegraphG. If thesizeof a maximumcliquein G0 is smaller

than2jE j=nk nok-factorizationof G exists.
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Figure1.2: A 1-factorizationof thecube

Figure1.3: A 2-factorizationof K 9

1.2.1 Example: Relation betweena designand a clique

Considerthedesignwith parameters2 � (7; 3; 1). Let V = f 0; 1; 2; 3; 4; 5; 6g. Figure1.4givesthematrix

A with rows indexedby all triplesof elementsof V andcolumnsindexedby all pairsof elementsof V . The

�rst columnof A givesa labelingof therows thatcorrespondsto theverticesof thegraph.Two verticesx i

andx j areadjacentif andonly if thedotproductof their correspondingrows in A is zero.

Thegraphproducedby this methodis regularof degree22. Thesizeof a maximumcliquein thegraph

is seven. Becausethenumberof blocksneededto form a 2 � (7; 3; 1) designis seven,a maximumclique

from thegraphcanbe translatedinto a setof blocksforming thedesireddesign.Onemaximumclique is

formedby thevertices

f x1; x8; x12; x16; x24; x26; x32g:

Theresultingdesignconsistsof theblocks

f 0; 1; 3g; f 0; 2; 6g; f 0; 4; 5g; f 1; 2; 4g; f 1; 5; 6g; f 2; 3; 5g; f 3; 4; 6g:

Anothermaximumclique,formedby vertices

f x3; x6; x11; x15; x23; x30; x31g;

producesadesignwith blocks

f 0; 1; 5g; f 0; 2; 4g; f 0; 3; 6g; f 1; 2; 3g; f 1; 4; 6g; f 2; 5; 6g; f 3; 4; 5g:
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01 02 03 04 05 06 12 13 14 15 16 23 24 25 26 34 35 36 45 46 56
x0 012 1 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
x1 013 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
x2 014 1 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
x3 015 1 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
x4 016 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
x5 023 0 1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
x6 024 0 1 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
x7 025 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
x8 026 0 1 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
x9 034 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
x10 035 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
x11 036 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
x12 045 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
x13 046 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
x14 056 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
x15 123 0 0 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0
x16 124 0 0 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 0 0
x17 125 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 0 0 0 0
x18 126 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0
x19 134 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0 0 0 0 0
x20 135 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0
x21 136 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 0
x22 145 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 1 0 0
x23 146 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 1 0
x24 156 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 1
x25 234 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 0 0 0 0 0
x26 235 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0
x27 236 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 0
x28 245 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 1 0 0
x29 246 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
x30 256 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 1
x31 345 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 1 0 0
x32 346 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0
x33 356 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1
x34 456 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1

Figure1.4: Matrix A

1.3 Parallel Computing

Traditionallycomputershavebeencomposedof onecentralprocessingunit,CPU,simplycalledaprocessor,

which canprocessoneinstructionat a time. This kind of machineis calleda serialmachine,andprograms

written for it areserialprograms.Parallel computing,in contrastto serialcomputing,takesadvantageof

multiple processesworking concurrentlyto solve the sameproblem. Theseprocessescanrun on eithera

singleor multiple processors,which in turn might be part of a singlemachine,may be locatedon many

individual machineswhichhave beenjoinedinto acluster, or acombinationof thetwo.

Consider10 integers,a0; a1; b0; b1; : : : ; e0; e1, whereevery pair x0; x1 needsto be added. A serial

machinewould require� ve stepsto completethecomputation,onefor eachaddition. If theadditionwere

doneon a parallelmachinewith � ve processes,whereeachprocesswasassigneda pair of numbers,the

computationwould only take onestep. During that onestepeachprocesswould addthepair of numbers

assignedto it.

In a serialmachinethesingleprocessorhasaccessto all memoryin themachine.Memoryin a parallel

machinecomesin oneof two basicforms. In a sharedmemorymachineall processorshave accessto the
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Figure1.5: Sharedanddistributedmemorymachines

samememory. In adistributedmemorymachineeachprocessorhasits own memory. SeeFigure1.5 for an

illustrationof thetwo memorymodels,wherep denotesaprocessorandm denotesmemory.

Onemotivationfor computingin parallelis thepotentialspeedincrease,asseenin thesimpleaddition

exampleabove. If oneprocessorcancompletea taskin � ve minutes,thenperhaps� ve processorsworking

togethercancompletethesametaskin oneminute.Thespeedincrease,however, maynot beproportional

to thenumberof processorsfor many reasons.Communicationbetweentheprocessorscreatesoverheadnot

presentin aserialmachine.If theproblemis noteasilybrokeninto equalpiecestheremaybeloadbalancing

issues;someprocessorsmay�nish earlyandsit idle while theotherscontinueexecuting.
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Chapter 2

Background

2.1 The Maximum Clique Algorithm

In their book KreherandStinsondescribea deterministicserialalgorithmfor �nding a maximumclique

in a simple graph[1]. Pseudocodefor their algorithm, MAXCLIQUE2(`), is given as Algorithm 2.1.1.

The parallel algorithm and implementationdiscussedin this paperare basedon Algorithm 2.1.1. The

MAXCLIQUE2(`) algorithmperformsadepth-�rst searchusingboundingfunctionsto prunethestatespace

treeandreducesearchtime.

Let G = (V; E) beagraphon n vertices.Let V = f 0; 1; : : : n � 1g andlet A m bethesetof verticesin

G adjacentto vertex m. MAXCLIQUE2(`) beginswith a clique,X , of size` with X = [x 0; x1; : : : ; x ` � 1]

andcomputesa setof verticesthat canpotentiallyextendX to a clique of size` + 1. A clique of sizek

canbe written down in k! ways,so a naive algorithmwould �nd thesamecliquek! times,slowing down

runtime.To prevent this anorderingis imposedon thevertices.Differentorderingsmayproducedifferent

setsof verticesasthe�rst maximumcliquefound. We usethenaturalordering0 < 1 < : : : < n � 1. The

MAXCLIQUE2(`) algorithmconsidersaspossibleverticesonly thosethataregreaterthanthelargestvertex

in thecurrentcliqueX . Proceedingin thismannerwill produceacliqueX suchthatx 0 < x1 < : : : < x ` � 1.

Let Bm bethesetof verticesgreaterthanvertex m. Theextensionset, thesetof verticesthatcanpotentially

extendthecliqueX of size` to a cliqueof size` + 1, includesall verticesadjacentto every vertex of X

thatarealsogreaterthanx ` � 1. Call this extensionsetC` . ThenC` = Ax ` � 1 \ Bx ` � 1 \ C` � 1 is thesetof

possibilitiesfor x ` .

Ourgoalis to �nd amaximumclique,sothereis noneedto recordeverycliquefoundby thealgorithm.

Instead,only the largestclique currently found is saved. Every clique found is comparedto the current

largestclique,OptClique , andif a largercliqueis foundit becomesthenew OptClique . Thevariable

OptSize is thesizeof thecurrentoptimalclique.

To reducethenumberof nodesin thestatespacetreeaboundingfunction,BOUND(X ), canbeincluded

in thealgorithm.Thesimplestboundingfunctionaddsthenumberof verticesin theextensionsetC ` to the

sizeof the currentclique X of size`. If this sumis lessthanor equalto the sizeof the currentoptimal

clique,it is impossibleto form a largercliqueandthereis no needto continueprocessingX . This is called

thef sizeboundg. MAXCLIQUE2(`), completewith boundingfunction,is givenin Algorithm 2.1.1.

9
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Algorithm 2.1.1: MAXCLIQUE2(`)

external BOUND()

global Am ; Bm ; Cm (m = 0; 1; : : : ; n � 1)

if ` > OptSize

then

(
OptSize  `

OptCl ique  [x0; :::; x ` � 1]

if ` = 0

then C`  V

elseC`  Ax ` � 1 \ Bx ` � 1 \ C` � 1

M  B([x0; :::; x ` � 1])

for eachx 2 C`

do

8
>>>>><

>>>>>:

if M � OptSize

then return ()

x`  x

MAXCLIQUE2(` + 1)

main

OptSize  0

MAXCLIQUE2(0)

output (OptCl ique)

Otherboundingfunctionsproducebetterresultsthanthesimplesizebounddescribedabove. Kreherand

Stinsonexaminedtwo additionalbondingfunctions,the greedyboundandthe samplingbound. Between

thesethreeboundsKreherandStinsonfoundthegreedyboundto yield thebestpruningof thestatespace

tree[1]. At eachstepthegreedyboundgreedilycolorstheverticesof theextensionsetC` suchthatno two

adjacentverticesreceive thesamecolor. Thenumberof colorsneededgivesanupperboundon thenumber

of verticesthatcanbeaddedto thecurrentclique.

Thethird bounddiscussedby KreherandStinsonis thesamplingbound.It performsa greedycoloring

of all the verticesin the graphbeforethe searchbegins. At eachstepthe numberof colorsusedon the

verticesof C` is addedto thesizeof thecurrentclique.

2.1.1 Example: MaxClique2

Considerthe graphdisplayedin Figure2.1. If the samplingboundwerebeingusedit would performan

initial greedycoloring of the graph. The verticesf 0,2,4g would be given color 0, verticesf 1,3g color 1,

verticesf 5,6g color 2, andvertex 7 would have color 3. At somepoint X = [3] is thecurrentcliquewith

size` = 1. ThenA3 = f 0; 2; 4; 5; 6; 7g, B3 = f 4; 5; 6; 7g, andC2 = f 4; 5; 6; 7g. We cancomparethe

resultsof thesize,greedy, andsamplingbounds.Usingthesizeboundweknow thatX canbeextendedinto

a cliqueof sizeat most` + jC` j = 5. Thegreedyboundwould color theverticesof C2 asfollows: vertex

4 is color 0, vertices5 and6 arecolor 1, andvertex 7 is color 2. Theupperboundwould thereforebefour.
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Thesamplingboundusedthreecolorsto color theverticesin C2, andwould thereforealsogive a boundof

four.

In thenext stepX = [3; 4] is thecurrentcliquewith size` = 2. ThenA 4 = f 3; 5; 6; 7g, B4 = f 5; 6; 7g

andC3 = A4 \ B4 \ C2 = f 5; 6; 7g. Thesizeboundstill saysthatX canbeextendedinto a cliqueof size

at most� ve. Usingthegreedybound,which would color theverticesof C3 with two colors,we still have

anupperlimit of four vertices.Thesamplingboundcoloredtheverticesin C3 with two colors,giving an

upperboundof four.

0

1

2

3

4

5

6

7

Figure2.1: A samplegraph

2.2 UPC

Beforepresentingtheparallelalgorithmfor solvingthemaximumcliqueproblemwe will discussthepro-

gramminglanguageusedfor theimplementation.Uni�ed Parallel C, or UPC,is anextensionof theANSI C

programminglanguage[4]. UPCprogramsfollow thesingleprogram,multipledata(SPMD)programming

model [3]. Theuserwritesonly onepieceof code.During executionmany copiesof this singleprogram

arerun simultaneously. Eachinstanceof theprogramis calleda thread.Therearetwo constantsin UPC

thathelpmanagethesemultiple threads:THREADSis thenumberof threadsrunningandMYTHREADis a

uniqueconstantfrom theset(0; 1; : : : ; THREADS� 1) whichprovidesthethreadwith anidentity.

Unlike themaster/slave programmingmodelor thefork/join modelof OpenMP, thereis no singlecon-

trolling processthat invokesparallelexecutionwithin theexecutionof theprogram.With UPCall threads

run theprogramfrom startto �nish. Within theexecutioneachinstancecanuseits valueof MYTHREADto

make decisionswithin its own executionpath.For example,considerthefollowing code.

if (MYTHREAD== 0)

readFile();

When eachthreadreachesthis sectionof code it will considerthe if statement. Only the threadwith

MYTHREADequalto zeroexecutesthefunctionREADFILE(). All otherthreadsskip thatstatement.

Becauseall threadsexecuteon their own clocksandtake differentexecutionpathsthroughtheprogram

thereis nonotionof instruction-by-instruction synchronization.All synchronizationmustbedoneexplicitly.

Thereareseveralwaysto do this,but theprincipleway is to usea UPC BARRIER(). Oncea threadreachesa
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barrierit cannotcontinuewith executionuntil all otherthreadshave reachedthebarrier. SeeExample2.2.1

for anexampleof theeffectsof a UPC BARRIER() in programexecution.

UPCis basedonapartitionedsharedmemorymodel.This is apartitionof availablememorythataligns

with thethreads.Partitionedsharedmemoryrequiresthatwedeclaresharedvariables, variablesaccessible

to all threads,asshared . Any variabledeclaredwithout thekeyword shared is a privatevariable, and

eachthreadhasits own instanceof thevariable.SeeFigure2.2for apictureof thepartitionedmemory. The

spaceaboveathreadrepresentsthememoryto whichthatthreadhasaf�nity . Eachthreadcanmakememory

referencesto its partof memorywithout interferingwith thememorybeingacteduponby otherthreads.

SharedMemory

PrivateMemory

T0 T1 TTHREADS� 1

Figure2.2: UPCMemoryallocation

Sharedvariablesmusthave globalscope.Considerthefollowing declarations.

shared int A;

shared int x[4];

shared int y[20 * THREADS];

Thedeclarationshared int A; meansthatA is anintegervariablein thesharedspace.By convention

singlevariableshaveaf�nity to threadzero.Thevariablex is anarraythatis spreadacrossthesharedspaces

suchthattheaf�nity of x[i] is threadTt wheret � i (mod THREADS). Similarly y is anarrayof length

20* THREADSwith af�nity assignedasabove. Thereforeeachthreadhasaf�nity to 20elementsof arrayy.

Example2.2.2illustratessharedandprivatevariabledeclarations.

Oneway to protectsegmentsof code,andconsequentlyaccessto sharedvariables,is to uselocks. A

lock is an objectthat canbe held by only onethreadat a time. Beforeaccessinga certainareaof shared

memorya threadcanberequiredto obtaina lock associatedwith thatarea.Whenthe threadis �nished it

releasesthe lock. Until the lock is releasedany otherthreadattemptingto acquireit mustwait. Provided

thatall sectionsof codethatreadfrom or write to aspeci�c areaof memoryareprotectedby thesamelock,

threadsarepreventedfrom readingmemorythatis concurrentlybeingwritten to, andviceversa.

Oneof the main bene�ts of UPC asa parallel languageis its easeof use. Becauseit is basedon the

C programminglanguage,almostall syntaxis familiar to C programmers.MPI, a library that handles

explicit messagepassing,allows processesto sendeachothercopiesof thevariablesthey have undertheir

control. UPC, in contrast,achieves communicationby referencesto sharedvariables,sometimescalled

implicit messagepassing.Userscanwrite assignmentstatementswithout knowing which threadcontrols

eachvariable.
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2.2.1 Example: UPC barriers

Considerthe following UPCcode,compiledon four threads,andtheresultingoutput. Without somesyn-

chronizationtheoutputdependsentirelyon thespeedof eachthread.

int main()

{

printf("Thread %d likes bread and butter.\n", MYTHREAD);

printf("Thread %d likes toast and jam.\n", MYTHREAD);

return 0;

}

Thread 0 likes bread and butter.

Thread 2 likes bread and butter.

Thread 1 likes bread and butter.

Thread 0 likes toast and jam.

Thread 2 likes toast and jam.

Thread 3 likes bread and butter.

Thread 3 likes toast and jam.

Thread 1 likes toast and jam.

Now considerthemodi�ed codebelow. Whena threadreachesa barrierin its executionit cannotcon-

tinueuntil all threadshave reachedthebarrier. Althoughbeforeandafterthebarriertheorderof execution

is basedon thespeedof eachthread,no instructionsbeforeor afterthebarriercanbeinterchanged.In other

words,all threadsmustmake their fondnessfor breadandbutterknown beforeany canmentiontoastand

jam.

int main()

{

printf("Thread %d likes bread and butter.\n", MYTHREAD);

upc_barrier();

printf("Thread %d likes toast and jam.\n", MYTHREAD);

return 0;

}

Thread 0 likes bread and butter.

Thread 2 likes bread and butter.

Thread 1 likes bread and butter.
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Thread 3 likes bread and butter.

Thread 0 likes toast and jam.

Thread 2 likes toast and jam.

Thread 3 likes toast and jam.

Thread 1 likes toast and jam.

2.2.2 Example: UPC Variable Declaration

The following variabledeclarations,compiledto run on four threads,result in the placementshown in

Figure2.2. Notice that a blocking factor hasbeenaddedto theshareddeclarationof arrayy. A blocking

factorof x meansthat x elementsof the arraywill be placedin eachthread's sharedmemory, wrapping

aroundif thesizeof thearrayis largerthanthenumberof threads.Thedefault blockingfactoris 1.

shared int AB;

shared int x[5] ;

shared 2 int y[10] ;

int a;

AB
y0

y9

x0

y1

x4

y8

x1 y2 y3 x2 y4 y5 x3 y6 y7

a a a a

T0 T1 T2 T3

Figure2.3: UPCDeclarations

2.3 The StateSpaceTreeand Load Balancing

To obtain good performancefrom parallel computationit only makes sensethat all processors,or UPC

threads,shouldbe busy during the entire executionof the program. Idle threadscontribute little to the

speedincreaseslookedfor in aparallelimplementation.Not all algorithmsarecapableof beingbrokeninto

smallerpiecesandarethereforenot suitablefor parallelcomputation.Otheralgorithmsmay be granular

enoughyet still suffer from loadbalancingproblemsfor variousreasons.To obtainanef�cient algorithm

theworkloadbetweenthethreadsmustbebalanced.

To betterunderstandthe potentialfor uneven work distribution in a parallel implementationit helps

to considerthestatespacetreeof thebacktrackalgorithm. This treeis essentiallya pictureof thesearch
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conductedby the algorithm, with eachvertex or nodeon the tree representinga clique consideredand

analyzedby thealgorithm.By consideringthestatespacetreeof thecompletegraphon n verticeswe can

seethatany statespacetreeis at mostn nodesdeep,andif only verticesof higherorderareconsideredin

theextensionset,thereareat most2n nodesin thetree.As anexampleconsiderFigure2.4,thestatespace

treeof theserialalgorithmMAXCLIQUE2(`) for thegraphin Figure1.1thatresultsif noboundingfunction

is used.

[ ]

[0] [1] [2] [3] [4] [5]

[0,1] [1,2][1,3][1,4][1,5][2,3] [2,4] [2,5]

[1,2,3][1,2,4][1,2,5] [1,4,5]

[1,2,4,5]

[4,5]

Figure2.4: Statespacetreefor thegraphin Figure1.1

A naive approachto distributing thework wouldbeto assignthethreadsbranchesof thetreebeginning

with thecliquesof sizeone. Consideragainthegraphin Figure1.1andthecorrespondingstatespacetree

in Figure2.4. If, for example,therewerethreethreadssearchingwe couldassignthebranchesbeginning

with cliques[0] and[3] to threadT0, branchesbeginningwith cliques[1] and[4] to threadT1, andbranches

with cliques[2] and[5] to threadT2. Let eachthreadhave a privatesetS suchthatS is thesetof cliques

of sizeoneassignedto that thread.Eachthreadwould executethe MAXCLIQUE2(`) algorithmjust asin

theserialversion,with a few smallchanges.Insteadof makingthe �rst call to MAXCLIQUE2(`) with the

currentclique X being the emptyclique, eachthreadwould make their �rst call with the currentclique

X setto oneof thecliquesof sizeonein S. Eachthreadwould repeatthis for every elementof their set

S. Pseudocodefor this naive parallelapproachis given asAlgorithm 2.3.1,with the initial distribution of

cliquesdonemodulusthenumberof threads.Any othersimpledistribution couldalsobeused.Note that

only onethreadneedsto setthevalueof OptSize to zero.Notealsothateachthreadmustacquirea lock

beforeaccessingthesharedvariablesOptSize andOptClique .

Processingthegraphin Figure1.1 usingAlgorithm 2.3.1on threethreadsresultsin threadT1 having

potentiallymuchmorework thaneitherof theothertwo threads.In generalthebranchestowardtheleft of

thestatespacetreewill generatemorework thanbranchestowardtheright of thetree,becauseonly vertices

of higherorderareconsidered.Thepruning,or bounding,functionsmaketheunbalanceevenmoreextreme.

Partialcliquestowardtheright of thetreearemorelikely to havesmallerextensionsets,andthosebranches

will beprunedsooner.

Althoughit is easyto saythat thebrancheson theleft will usuallyprovide morework, it is impossible
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to sayexactly which brancheswill producemorework, andhow muchmore. In Figure2.4, for example,

the branchof the statespacetreebeginning with the clique [0] terminatesimmediately, while the branch

beginning with the clique [1] resultsin a maximumclique. This meansthat any initial division of work

cannotguaranteethatno threadwill becomeidle while otherscontinueprocessing.Whatis neededis away

to redistributework while processing.Wechoseto redistribute thework usingastealstack.

Algorithm 2.3.1: PARMAXCLIQUE(`)

external BOUND()

Shared OptCl ique;OptSize

global Am ; Bm ; Cm ; (m = 0; 1; : : : ; n � 1)

LOCK()

if ` > OptSize

then

(
OptSize  `

OptCl ique  [x0; :::; x ` � 1]

UNLOCK()

if ` = 0

then C`  V

elseC`  Ax ` � 1 \ Bx ` � 1 \ C` � 1

M  BOUND([x0; :::; x ` � 1])

for eachx 2 C`

do

8
>>>>><

>>>>>:

if M � OptSize

then return ()

x`  x

PARMAXCLIQUE(` + 1)

main

if MYTHREAD== 0

then OptSize  0

for s  0 to n � 1

do if i=THREADS== MYTHREAD

then S  S [ s

for eachs 2 S

do

8
>><

>>:

x0  s

C0  As

PARMAXCLIQUE(1)

output (OptCl ique)
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The Stealstack

3.1 Theoretical Overview

Thestealstack was�rst implementedby Prinset al. asa meansof dynamicallybalancingthework loadof

anunbalancedsearchtree[2]. Eachthreadhasaf�nity to astackandanassociatedlock. Thestacksandtheir

locksaredeclaredin sharedmemory, allowing all threadsaccessto eachstack.Thenodesonastackaredata

structuresthatcorrespondto nodesin thestatespacetree.Eachnodecontainsenoughinformationto starta

searchasa root of a subtreeof thecompletestatespacetree. Thesenodesaredivided into two categories.

Thenodeson thetop of thestackarecalledthelocal nodes, andthoseon thebottomarethesharednodes.

The local andsharedportionsof a stackshouldnot beconfusedwith privateandsharedmemoryin UPC.

The local nodesarefor processingonly by the threadwith af�nity to thespeci�c stack. Sharednodesare

freeto bestolenby any idle thread.Thelock associatedwith a stackcontrolsaccessto thesharednodesof

thestack.SeeFigure3.1.

Whena threadanticipatesthat it will have too muchwork, a decisionthat is discussedlater, it pushes

jobsontothetop of the local portionof its stack.A threadcanalsoreleasenodesfrom the local to shared

portion of its stack,freeing themto be stolen. When the thread�nishes processingits currentwork, it

attemptsto popa job off thetopof its localstack.If thelocalstackis emptythethreadwill attemptto move

nodesfrom the sharedportionof its stackto the (empty)local portion. The thread�rst acquiresits stack

lock, thelock associatedwith its particularstack.Oncethelock hasbeenacquiredthethreadchecksto see

thattherearenodesin thesharedportion,andif somovessomeof themto its localportionandreleasesthe

lock. If thethreadacquiresthe lock anddiscoversthat its sharedportionis alsoempty, it releasesthelock

andattemptsto stealnodesfrom anotherthread.

The idle threadbegins the stealingprocessby examiningthe otherthreads'stacks,searchingfor one

with nodesin thesharedportionof its stack.Whentheidle thread�nds sucha stack,it attemptsto acquire

thelock associatedwith it. Oncethelock is acquiredtheidle thread�rst makessurethattherearestill nodes

available,andif so movesthemto the local portionof its own stack,thenreleasesthe lock. Any number

of polling methodscanbe used. The simplestway for threadTi to �nd a threadwith work to stealis to

begin with threadTi +1 (mod THREADS) andloop throughall threadssequentially. Thepolling neednot

be sequential,however. It could follow a randompattern,a predeterminedpermutationof the threads,or

17
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sharedStar t

local

top

sharednodes

localnodes

Figure3.1: A stack

any cycle theuserdetermineswill producedbetterresults.Thenumberof timesa threadpolls is alsoopen

to optimizationby theuser.

Having theidle threadslook for work is anadvantageousfeatureof thestealstack,andwhy it waschosen

to solve this problem.Someload-balancingmodelshave busy threadspausetheir computationto �nd idle

threadsto give their work to.

Figure3.2summarizesthefunctionsassociatedwith thestealstack.

3.2 MaxClique

Thestealstacknow needsto beincorporatedinto theMAXCLIQUE2(`) algorithm.Eachnode,or job, onthe

stackneedsto containthreeelements:a clique,its size,andits extensionset.Let temp bea node.We will

denotenodetemp'scliqueby temp:X , thesizeof thecliqueby temp:L, andtheextensionsetby temp:C.

Thenodemayalsobedenotedby tempX ;C;L .

At somepoint the threadneedsto decideif it hastoo muchwork, andif so,whatwork it will put on

its stack.Let TMW() bea functionthatreturns true if thethreadhastoomuchwork, and falseotherwise.

A particularimplementationof TMW() is discussedSection4.2. In MAXCLIQUE2(`) eachelementof the

extensionsetC` is included,in turn,in thecurrentclique,andthesearchcontinuesfrom there.In theparallel

version,Algorithm 3.2.1,if thethreaddeterminesthatit hastoomuchwork it includesthe�rst elementof C `

in thecurrentclique.Beforeprocessingthisnew cliquethealgorithmincludeseachadditionalelementof C `

in thepreviouscliqueandpushesthejob, thenew cliqueandits sizeandextensionset,ontoits stack.At this

point thethreadalsochecksthenumberof jobsin thelocalportionof its stack.ThefunctionFULL() returns

true if therearemorethanenoughjobs in the local portion,and falseotherwise.An implementationof
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FunctionName Action Taken ReturnValue
PUSH(&someNode) the work in someNodeis

pushedon topof thestack
none

POP(&someNode) the work from the node on
thetopof thestackis putinto
someNode

none

LOCALDEPTH() numberof nodesin localpart
of stack

RELEASE(k) k nodesaremoved from lo-
cal to sharedpartof stack

none

ACQUIRE(k) k nodes are moved from
sharedto local partof stack

TRUE if k nodesaremoved
from sharedto local part of
stack,elseFALSE

STEAL (t, k) k nodesmovedfrom bottom
of threadt's sharedportion
to topof localportion

TRUE if k nodesare taken
from thread t's stack, else
FALSE

FINDWORK(k) numberof a threadwith at
leastk nodesin sharedpart,
-1 if no suchthread

Figure3.2: StealstackFunctions

FULL() is discussedin Section4.2. If FULL()= true thenthe threadreleasessomeof the nodesfrom the

local to the sharedportion of its stack,freeingthemto be stolen. It thenproceedswith the new current

clique.SeeExample3.2.1.

Anotherpropertyof thealgorithmto noteis theinitial distribution of thework. In theserialversionthe

algorithmessentiallystartswith nothing.It hasno currentclique,soits �rst actionis to createC0 astheset

of all vertices.Eachof thesewill at somepoint becomethe�rst elementof a clique. In theparallelversion

it makessenseto begin by distributing thesecliquesof sizeoneto all threads.Giving themall work to start

on immediatelysavestimethatwouldbelost if only onethreadbeganworkingandall othershadto wait for

thatthreadto generateenoughwork for themto steal.
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Algorithm 3.2.1: MAXCLIQUE(`)

external

8
>><

>>:

BOUND() ; TMW()

PUSH(c); FULL()

RELEASE(k)

global A ` ; B ` ; C`

LOCK()

if ` > OptSize

then

(
OptSize  `

OptCl ique  [x0; : : : ; x ` � 1]

UNLOCK()

if ` = 0

then C`  V

elseC`  Ax ` � 1 \ Bx ` � 1 \ C` � 1

M  BOUND([x0; : : : ; x ` � 1])

if TMW()

then

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

if M � OptSize

then return ()

x`  the�rst x 2 C`

for eachadditionalx 2 C`

do push(x; C` )

if FULL()

then RELEASE(k)

MAXCLIQUE(` + 1)

elsefor eachx 2 C`

do

8
>>>>><

>>>>>:

if M � OptSize

then return ()

x l  x

MAXCLIQUE(` + 1)

Algorithm 3.2.1is a modi�ed versionof Algorithm 2.1.1. It differs in thattheconditionalTMW(), the

subsequentadditionof nodesto thestack,andtheconditionalFULL() andfollowing RELEASE(k) havebeen

added.Although this now allows threadsto addwork to their stack,andevenreleasework for stealing,it

doesnot allow a threadto remove work from its own stack,or stealfrom otherthreads.An algorithmfor

enablinga threadto emptyits stackwill beaddressed�rst. ConsiderAlgorithm 3.2.2. The initial jobs,all

cliquesof lengthone,aredistributedamongthe threadsandplacedon their local stacks. In the function

DFS() anodeis removedfrom thelocalstackandprocessedcompletely. During theprocessingothernodes

mayor maynotbeaddedto thelocalstack.Whenthethread�nishes with thatportionof thegraphit begins

on thenext nodein its localstack.Whenthelocal portionis emptythethreadattemptsto movenodesfrom
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its sharedto localportion.ThefunctionACQUIRE(a)returns true if a nodesweremovedfrom thesharedto

localportion,and falseif therewerenota nodesto move. WhenDFS() completesthethreadhasno nodes

in eitherits localor sharedstack,andis outof work.

Algorithm 3.2.2: DFS()

external

(
MAXCLIQUE()

POP(c)

repeat

while LOCALDEPTH() > 0

do

8
>>>>><

>>>>>:

temp  POP()

X  temp:X

C`+1  temp:C

MAXCLIQUE(temp:L)

moreWork  ACQUIRE(a)

until moreWork = F ALS E

main

for eachx < n; x � MYTHREAD( MOD n)

do PUSH(cx;1;B x )

OptSize  0

BARRIER()

DFS()

output (OptCl ique)

Now what is neededto balancethe load is an algorithm that incorporatesstealing. ConsiderAlgo-

rithm 3.2.3. The function DFS() emptiesboth the local andsharedportionof a thread's stack. Oncethat

happensthethreadneedsto �nd work to steal,andbeginssearching.Thefunction FINDWORK() polls the

otherthreadsusingwhatever methodis decidedupon,andreturnsthenumberof a threadwith enoughwork

to steal. If no otherthreadhasenoughnodesin its sharedportion FINDWORK() returns-1 andthe thread

exits. Oncea threadwith potentialwork is found the nodesmustbe moved from its sharedstackto the

localstackof thesearchingthread.ThefunctionSTEAL (victimId,k) returns true if k nodesaresuccessfully

stolenfrom threadTvictimI d and falseotherwise.Becauseanotherthreadmayhave movedthenodesto its

own stackbetweenthe time thesearchingthreadlocatesthe busy threadandattemptsto move thenodes,

merely�nding a threadwith enoughwork is notaguaranteethata threadwill beableto stealthework.
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Algorithm 3.2.3: EXPLOREFOREST()

external

(
DFS(); FINDWORK()

STEAL(t; k)

DFS()

victimI d  FINDWORK()

while victimI d! = � 1

do

8
>><

>>:

if STEAL(victimI d;k)

then DFS()

victimI d  FINDWORK()

main

for eachx < n; x � MYTHREAD( MOD n)

do PUSH(cx;`;B x )

OptSize  0

BARRIER()

EXPLOREFOREST()

output (OptCl ique)

3.2.1 Example: Pushingnodeson the stack

0

1

2

3

4

5

6

7

Figure3.3: A samplegraph

Considerthe graphdisplayedin Figure3.3 Let TMW() return true if andonly if jC` j > 3 and let

X = [2; 3] bethecurrentclique.Then` = 2 andC3 = f 4; 5; 6; 7g. Thethenew cliqueis thenX = [2; 3; 4]

andthenodes

` = 3 X = [2; 3; 5] C = f 4; 5; 6; 7g

` = 3 X = [2; 3; 6] C = f 4; 5; 6; 7g

` = 3 X = [2; 3; 7] C = f 4; 5; 6; 7g

arepushedon topof thestack.
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Implementation Details

4.1 Data Structuresand Variable Declarations

Themaindatastructureusedin theprogramis a set,representedby a bit vector. Elementi is in thesetif

andonly if the i th bit is 1. Thegraph,then,is storedasanarrayof sets,[A j : j = 0; 1; : : : ; n � 1]. The

j th setin thearrayrepresentstheverticesin G adjacentto vertex j . Currentcliquesandthecurrentoptimal

cliquearealsostoredassets.Usingbit vectorsto representthesetsresultsin a smalleramountof memory

neededto storethedatathanif datastructuresliked linked lists or arraysof integershadbeenused.It also

facilitatesbasicsetoperations;intersectionsandunionsof setsarequick andsimpleto compute.Because

UPCsometimeshasdif�culty dealingwith dynamicallyallocatedvariableseverythingis declaredstatically

beforecompilation.This meansanupperboundon thenumberof verticesin thegraphneedsto beknown

beforehand.

Becausethedatastructureusedto storethegraphinformationis relatively small,eachthreadmakesa

copy of thegraphin its own privatememory. Theprogramreferencesthegraphfrequently. Thus,placinga

copy in memorythata threadhasaf�nity to will speedup programexecution.

Otherthanthestealstackstheonlydataplacedin sharedmemoryarethecurrentoptimalclique,OptClique ,

its size,OptSize , andthelock thatregulatestheir access.Becauseall threadsaccessthesevariablesthere

is no bene�t to giving themaf�nity to any particularthread,andthey aredeclaredsimplyasshared.

Distributing theinitial cliquesof lengthone,representedby thechildrenof theroot,modulusthethread

number, dividesmoreevenly theheavier branchesamongthethreadsthansimplypartitioningthebranches.

This way eachof thethreadswill hopefullybegin with oneof theheavier branchesfrom theleft sideof the

tree.

4.2 Function Contents

The function TMW() determineswhetheror not the threadwill pushsomeof its jobs onto its stealstack.

BecauseTMW() is calledwith eachrecursive call of MAXCLIQUE() it must run quickly. We choseto

usethesizeof theextensionsetasthecriteria for determiningtheamountof work thecurrentcliquewill

produce.A largeextensionsethasthepotentialfor creatingmuchmorework thana smallset.Becausethe

23
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setsareall storedasbit vectorsa simplemaskandlookupalgorithmfor �nding thesizeof thesetsis not

overly time-consuming.

The function FULL() determinesif nodeswill be releasedfrom the local to the sharedportion of a

thread's stealstack.As with thefunctionTMW() thefunctionFULL() is calledwith every recursive call of

MAXCLIQUE() andmustthereforerunquickly. Wechoseto usethenumberof nodesin thelocalportionto

determineif nodesshouldbereleased.If LOCALDEPTH(), a stealstackfunction,returnsa valueabove a set

limit, thethreadwill releasetherequisitenumberof nodesto its sharedportion.

Thenumberof nodesto releaseto thesharedstack,acquirefrom thesharedstack,andstealfrom another

threadareall opento optimization.Stealingseveralnodesat a time cutsdown on overhead.Without care,

however, a problemmayarise.Thenumberof nodesreleasedat a time, acquiredat a time, andstolenat a

time mustbecoordinated.If they arenot it mayhappenthata threadhasa numberof nodesin theshared

portionof its stealstack,but therearetoofew to stealandtoofew to acquire.In thatcasethenodeswouldgo

unprocessedandtheprogrammight returna cliquethat is not maximum.Oneway to ensurethatno nodes

areleft in thesharedstackis to make thenumberof nodesstolenat a time equalto thenumberof nodes

releasedandthenumberacquired,sayk. Thenthenumberof nodesin thesharedstackat any time would

bea multiple of k andtherewould never betoo few to bestolenor acquired.Anotheroption is to acquire

only onenodeatatime. With thisoptionthenumberreleasedandthenumberstolenata timedonotneedto

beequal.This allows thethreadto releaseanumberof nodesproportionalto thenumberin its localstack.

4.3 Experimental Results

Themotivation for a parallelimplementationof themaximumclique�nding algorithmwasan increasein

thespeedof execution.To determinethevalidity of thispresumptionwecomparedthetimeof executionof

theserialprogramto thatof theparallelprogram.We�rst determinedthecorrectnessof theparallelprogram

by runningmultiple trialson graphsup to 200verticesandcomparingtheresultsto theserialprogram.We

thengeneratedrandomgraphson 250,500,1000,and2000verticeswith densitiesof .20, .35,and.50. A

densityof k meansthateachpossibleedgeis in thegraphwith probabilityk. This resultedin 12 random

graphs. We �rst ran the serialprogramon eachof thesegraphs. To obtaincomparableresultsthe serial

program,originally a C program,wascompiledasa UPCprogram,thenrun on onethread.Hadtheserial

programbeencompiledasa C program,with a C compiler, the executiontimesmay have beenslightly

faster. We thenrantheparallelprogram,usingthegreedybound,on thegraphs,usingvaryingnumbersof

threads:2, 10,25,and40 threads.

All trialswererunona CrayT3E usinganon-conformingcompiler. This wasdonefor severalreasons.

First, theT3E is a fastplatform,andallowedlargergraphswith higherdensitiesto besearchedthanwould

otherwisehave beenpossible.The versionof UPC runningon the T3E, thoughnot compliant,is stable.

The numberandtypesof UPC functionsusedin the programaresmall andsimpleenoughthat usingthe

non-compliantcompilerwasnot anissue.Theprogramcaneasilybebroughtup to complianceandrun on

othermachines.

Theresultsaregiven in Tables4.1,4.2,and4.3. The �rst numberin eachentry is thetime in seconds
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Table4.1: Density .20: Numberof verticesvs numberof threads:Time in secondsandtotal numberof
nodesprocessed

Numberof threads

n 1 2 10 25 40
1.392 0.840 0.271 0.272 0.308

250 4,306 4,320 4,292 4,138 4,144
15.851 5.006 1.291 0.824 0.724

500 21,046 21,301 21,808 22,996 22,225
368.160 76.359 16.279 7.259 5.082

1000 302,596 302,726 303,252 302,810 302,956
1654.030 337.225 136.812 88.303

2000 5,066,860 5,084,782 5,062,776 5,062,985

Table4.2: Density .35: Numberof verticesvs numberof threads:Time in secondsandtotal numberof
nodesprocessed

Numberof threads

n 1 2 10 25 40
7.593 5.015 1.184 0.650 0.590

250 25,670 25,939 27,309 27,819 29,329
209.802 83.019 17.397 7.754 5.419

500 345,207 347,616 356,780 383,842 410,185
13,368.565 3,505.992 699.551 277.631 178.432

1000 12,449,987 12,559,193 12,520,920 12,309,827 12,627,817
13,316.92 8,488.096

2000 402823073 411,591,405

for executionof theprogram.Thesecondnumberis thetotal numberof nodesprocessedduringexecution.

Thecolumnsarelabeledwith thenumberof threads,with onethreadrepresentingtheserialprogram.The

rows arelabeledwith thenumberof vertices,n, in thegraph.

Thetablein Figure4.1, for example,givestheresultsfor all trial graphsof density.20. Looking at any

of the rows it is easyto seea dramaticincreasein speedof executionasthenumberof threadsincreases.

Onemightexpectaspeedincreasedirectlyproportionalto thenumberof threadsused.However, thetables

show this to be false. Increasingthenumberof threadsfrom oneto two doesnot cut the time in half, nor

doesincreasingfrom oneto tencut thetime by a factorof 10. Managingthestealstacks,waitingat barriers

andfor locks, for example,all produceoverheadnot presentin theserialversion.This overheadis oneof

thefactorsthatpreventtheexpectedincreasein speed.

To betterseethespeedincreasebroughtaboutby a greaternumberof threads,considerthegraphsin

Figures4.1, 4.2, and 4.3. Eachgraphshows the completiontime, in seconds,for one of the randomly

generatedgraphs,dependingon thenumberof threadsutilized. Notethatalthoughall threegraphshave the
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Table4.3: Density .50: Numberof verticesvs numberof threads:Time in secondsandtotal numberof
nodesprocessed

Numberof threads

n 1 2 10 25 40
87.435 61.691 12.654 5.435 3.702

250 292,600 288,577 290,839 291,177 293,026
3,488.164 688.334 276.494 173.756

500 12,924,435 12,731,349 12,751,478 12,771,695
18,313.697

1000 1,008,807,821

2000

10 20 30 40
Number of threads

50
100
150
200
250
300
350

Time in seconds

Figure4.1: Density.20,1000vertices:Time in secondsvsNumberof threads

sameshape,thescalesarequitedifferent.

To illustrate that sharingwas having a signi�cant effect on the load balancingand ef�ciency of the

programseveralof therandomgraphswereprocessedagain,without allowing any stealing.Theoverhead

of thestealstackswasstill present,but eachthreadworkedonly on thenodesin its own stack.Theresults

of two of thesetrial runs,bothon500verticeswith density.35,aregivenin Tables4.4and4.5.Eachthread

reportedthenumberof nodesit processed,andfrom thatthestandarddeviation wascalculated.Lookingat

eithertableit is obvious that allowing threadsto stealwork from eachotherdramaticallyeffectsthe load

balance.

Also notablein Tables4.1, 4.2, and4.3 is the effect of the numberof threadson the total numberof

nodessearched.It might beexpectedthat thenumberof nodessearchedwould decrease,whenit actually

eitherremainsaboutthesameor evenincreases.
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Figure4.2: Density.35,1000vertices:Time in secondsvsNumberof threads

10 20 30 40
Number of threads

20

40
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Time in seconds

Figure4.3: Density.50,250vertices:Time in secondsvs Numberof threads

Table4.4: 500vertices,density.35,10 threads

totalnumnodes stddev time
sharing 356780 247 17sec

nosharing 335061 1,843 78sec
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Table4.5: 500vertices,density.35,25 threads

totalnumnodes stddev time
sharing 383842 188 8 sec

nosharing 327145 1,604 37sec

Severalentriesin Tables4.1,4.2,and4.3,especiallyin Table4.3areempty. Thetime to completionfor

thosegraphswith theparticularnumberof threadswastoo long.

4.4 Conclusionsand Futur e Work

Theideasusedto parallelizethemaximumcliquealgorithmcanbeappliedto otheralgorithms.Any back-

trackingalgorithmcanusestealstacksto balancetheworkloadbetweenthe threads.A parallelversionof

StinsonandKreher's ExactCoveralgorithmwould beuseful[1].

The implementationdiscussedin this paperutilizes theparallelismfor moving throughthestatespace

tree.Any work doneat a nodeon thetreeis doneby a singleprocessor, andis thereforeserial.Oneof the

interestingsideeffectsof thismethodis that,whencomparedto theserialversion,theparallelprogramvisits

morenodesin thestatespacetree.Thereis a simplereasonfor whatmayat �rst seemcounterintuitive. As

theserialprogramtraversesthestatespacetreeit increasesthesizeof theoptimalclique.As it movesfrom

left to right in thetreeit prunesmorebranchesbecauseit hasa largeroptimalcliqueto pruneagainst.In the

parallelversionseveralprocessorsbegin moving down thetreeatthesametime,andsofor awhile verylittle

pruninghappensbecauseall processorsareexaminingcliquesof approximatelythesamesize.Thebranches

on theright sideof thestatespacetreearenotbeingcomparedto theultimatelargestcliqueon theleft side,

like with theserialprogram,but ratherwith a cliqueat aboutthesamelevel. With lesspruninghappening

morenodesareprocessed,meaningthattheparallelversionis actuallydoingmorework. It is only because

thework is beingdivided betweenseveral processorsthat theparallelprogramis ableto completesooner

thantheserial.

Moving the parallelismfrom the movementthroughthe statespacetreeto the nodesof the treemay

result in lesswork beingdone. Several of the threadscould be designatedasoverthreads, eachhaving a

numberof threadsassignedto it. The overthreadswould traversethe tree just like all threadsdo in the

currentparallel implementation,but at eachnodethe underthreadswould performthe boundingwork in

parallel. If thegreedyboundwasbeingused,for example,thentheunderthreadswould performa greedy

coloringalgorithmin parallel. Movementthroughthe treewould be slower, but becausebetterpruningis

beingdonefewer nodesmay be processedandtheremay be an overall reductionin work. The problem

with this implementationis thepotentialfor theunderthreadsto sit idle while theoverthreaddecidedwhich

nodeto processnext. Thetime lostby idle threadsmayor maynotmakeup for thesmalleramountof work

resultingfrom improvedpruning.A comparative analysisof thetwo methodswouldbeinteresting.
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